Introduction
Cwikel's inequality provides an important source for estimates on the spectrum of certain integral operators. In its original form it states, that for the singular numbers s n (a( Various generalizations enhance the importance of Cwikel's inequality. Namely, in 6] it has been pointed out, that (1.1) carries over to sandwiched integral operators of the class E, see also section 3. For instance, this fact proved to be useful for estimates on eigenvalues near the band edges of perturbed periodic Schr odinger operators 3].
Moreover, in 16] it has been shown that (1.1) is a special case of the bound ka(x)b(ir)k (S2;B) C( ; d)khk (L2;L1) ; h(x; y) = a(x)b(y);
(1.2) where is a K-interpolation functor, acting on the left-hand side between the Hilbert-Schmidt operators S 2 and the bounded operators B on L 2 (R d ); and on the right-hand side between L 2 (R 2d ) and L 1 (R 2d ). Hence the inclusion of the symbol h in a certain appropriate function space implies the inclusion of a(x)b(ir) in the corresponding operator ideal.
We underline that the product structure of h is crucial for (1.2) to be true. The estimate (1.2) allows a \ ne-tuning" of the interpolation functor to the distribution function for a given h. However, if the symbol h depends in a non-trivial way on certain parameters, the application of (1.2) might prove to be troublesome. Indeed, the optimal functor can now depend on the parameters as well, and an insu cient control on the constant C( ; d) prevents one from obtaining uniform bounds.
The main result of this note is the basic inequality (4.1) in Theorem 4.1. This bound and its consequences (4.2), (4.3) are in fact \dressed down" versions of (1.2), avoiding the introduction of interpolation functors. It is important that these inequalities invoke explicit (although probably not optimal) constants. They are of the same sharpness as (1.2) and (1.1), since they are based on the crucial Lemma 4.1. Moreover, (1.1) as well as concrete realizations of (1.2) can easily be derived from (4.2). For given h the direct evaluation of (4.1), (4.2) or (4.3) will e ectively lead to the optimal realization of (1.2) for this concrete symbol with certain explicit constants.
We mention that (4.1), (4.2) and (4.3) are an easy consequence of the arguments in 7] and 16], where they have been used implicitly. Our aim is to bring these inequalities to the readers attention.
In this note we restrict ourself to the proof of (4.1), (4.2) and (4.3). We follow the constructions in 16] .
To demonstrate the exibility of (4.3), we provide a bound on the negative spectrum of the two-dimensional Schr odinger operator at the end of this paper. Such a bound cannot be derived from (1.1). Further applications shall be published elsewhere.
The author is grateful to H. Siedentop and S. Vugalter for valuable discussions on relativistic two-body systems, which provided the motivation for this paper.
Notation
Let H 1 , H 2 be separable Hilbert spaces. By B = B(H 1 ; H 2 ) we denote the Banach space of linear operators, which are bounded from H 1 to H 2 (below we omit the notation for the underlying spaces). For the respective operator norm we shall write k k B .
Let K n be the set of operators K 2 B, such that rank K n ? 1, n 2 N. For T 2 B we consider the non-increasing non-negative sequence fs n g n2N of its approximation numbers, that is s n (T) = inf We shall also need a general class of weak operator ideals. Let f = ff n g n2N be an increasing sequence of positive real numbers, such that f n ! 1 as n ! 1. 
The function hhi is non-increasing as well. Minimizing over t > 0 we arrive at the rst inequality in (4.1). To pass from the rst to the second bound we observe that h is monotone decreasing, and hence h (t) hhi (t). Finally, for t = C ?1 0 n 1=2 we nd the third line in (4.1). 2 5. An application to two-dimensional Schr odinger operators.
Let A(V ) = ? ?V (x) be the Sch odinger operator on L 2 (R 2 ). We shall assume that V (t) ! 0 as t ! 1 and that Cwikel's inequality (1.1) does not give estimates on the negative spectrum of A(V ). The inequality (4.3), however, can be applied to derive certain bounds on N(?1; V ).
To our knowledge the best estimate on this quantity is due to Solomyak 13] . It is stated in terms of a sequence of local averaged Orlicz norms with respect to the generating function x(1 + ln + x). These norms appear due to the embedding theorems for critical exponents 13]. For related results see also 9], 5].
As a demonstration of the exibility of (4.3) we prove the bound (5.1) below. Note that the assumption (5.1) is very close to the one in 13]. In our case (5.1) ensures that the average of the symbol of the Birman-Schwinger operator V 1=2 (x)(? + 1) ?1=2 is locally square integrable.
We point out that our estimate is not linear with respect to V , and thus does not lead to semi-classical asymptotics in the strong coupling limit; cf. with Proposition 5.2 in 13].
As an application of Theorem 4.1 we state Theorem 5. holds. Applying the monotone function f(x) = x(1 + ln + x) to the last bound and adding up the right-hand sides we complete the proof. 2
